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Abstract. We classify six-dimensional exceptional quotient singularities and show that seven- 
dimensional exceptional quotient singularities do not exist. Inter alia we prove that the irre- 
ducible six-dimensional projective representation of the sporadic simple Hall-Janko group gives 
rise to an exceptional quotient singularity. 



We assume that all varieties are projective, normal, and denned over C. 

1. Introduction 

Let (V 3 O) be a germ of a Kawamata log terminal singularity (see [13, Definition 3.5]), and 
let £: V — > V be a resolution of singularities of the variety V. Then 



1=1 

where Ei is a ^-exceptional divisor, and bi G Q. Let B be an effective Q-divisor on V. Put 

m 

B = ajSj, 

4 = 1 

where Bi is a prime Weil divisor on V, and a, G Q^o- Suppose that -B is a Q-Cartier divisor. Then 

m / m \ r 

y~] aiBi ~q f ^ ciiBi - ^2 °i E ii 
i=i \ i=i / i=i 

where Bi is the proper transform of the divisor Bi on the variety V. Suppose that 



\i=l 



\i=l 



is a divisor with simple normal crossing. 

Definition 1.1 ([13, Definition 8.1]). The log canonical threshold of the divisor B at O is 



Co (X, B) = min ( min< — 
\ as 



O G Bi >,min< 



h + i 



C; 



0£t{Ei) GQ> U{ + oo} 



Definition 1.2 ([8, Definition 2.3.1]). The log canonical multiplicity of the divisor B at O is 

o g q (X n . . . n A Q ) f| n...nfi^l I and 



[xq [X, B) = max < 



a + /3 



1 _ b kl + 1 



ft. 



a, 



V+i 



> G Z >0 , 



cq(X,B) 
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One can show that t he numbers co(X, B) and /io(X,B) do not depend on the choice of 
the log resolution £. 

Definition 1.3 ([20, Definition 2.5]). The singularity (V B O) is exceptional if 

Ho(X,B) ^ 1 

for every effective Q-Cartier Q-divisor B on the variety V. 

Note that Definition 11,31 looks different from [20, Definition 2.5], but they are equivalent. One 
can show that exceptional singularities exist in any dimension greater than 1 (see Exam- 
ple 3.13]). 

Example 1.4. Suppose that dim(l/) = 2 and —Ky is Cartier. Then the singularity (V 3 O) is 
exceptional if and only if it is a Du Val singularity of type Eg, E7 or Eg. 

Let G be a finite subgroup in GL n+ i(C), where n ^ 1. Put 

G = <f>(G) C Aut(P n ) ^ PGL n+ i(V 

where <fi: GL n+ i(C) — > Aut(P n ) is the natural projection. Put 

the log pair (P n , XD) has log canonical singularities ] 

} e R. 

for every G-invariant effective Q-divisor D ~q —K^n I 

Remark 1.5 (cf. Appendix |A]). It follows from [6J Theorem A. 3] that 

lct(p",G) =ag(P n ), 

where ag(P n ) is the G-invariant a-invariant introduced in |30j and [31j . 

We are going to study the quotient singularity C n+1 /G. 

Remark 1.6. Let R C G be a subgroup generated by all reflections in G (see |28|, §4.1]). Then 
the quotient C n+1 /R is isomorphic to C n+1 (see |28|. Theorem 4.2.5]). Moreover, the subgroup 
R C G is normal, and the singularity C n+1 /G is isomorphic to the singularity C n+1 /(G/R). 
Note that the subgroup R is trivial if G C SL n+ i(C). If G = R (in particular, if G is a trivial 
group), then the singularity C n+1 /G = C n+1 is not exceptional. 

The following result provides a characterization of exceptional quotient singularities. 

Theorem 1.7 (0 Theorem 3.17]). Let G C GL n+ i(C) be a finite subgroup that does not 
contain reflections. Then C n+1 /G is exceptional if and only if for any G-invariant effective 
Q-divisor D on P n such that D ~q — -ftTpn, the log pair (P n ,D) is Kawamata log terminal. 

Corollary 1.8. Let G C GL n+ i(C) be a finite subgroup that does not contain reflections. Then 
the singularity C n+1 /G is exceptional if lct(P n ,G) > 1. Moreover, the singularity C n+1 /G is 
not exceptional if either lct(P n , G) < 1, or G has a semi-invariant of degree at most n + 1. 

Note that the assumption that G contains no reflections is crucial for Theorem II .71 

Example 1.9. Let G C GL 4 (C) be the subgroup #32 in (20 Table VII]. Then G is generated 
by reflections (see [26]). Thus, the singularity C 4 /G is not exceptional by Remark 11.61 On the 
other hand, it follows from Theorem 4.13] that lct(P 3 ,G) ^ 5/4. One can produce similar 
examples for two-dimensional and three-dimensional singularities. 

Definition 1.10 (see [3]). The subgroup G C GL n+ i(C) is primitive if there is no non-trivial 
decomposition 

r 

1=1 



SIX-DIMENSIONAL EXCEPTIONAL QUOTIENT SINGULARITIES 



?> 



such that for any g G G and any i there is some j = j(g) such that giVi) = Vj. The subgroup 
G C PGL n+ i(C) is primitive if G is primitive. 

Up to conjugation, there are finitely many primitive finite subgroups in SL n+ i(C) (see [9]). 

Theorem 1.11 (see [Ml Proposition 2.1] or [7, Corollary 3.20]). Let G C GL n+i (C) be a finite 
subgroup that does not contain reflections. If C n+1 /G is exceptional, then G is primitive. 

Exceptional quotient singularities of dimension up to 5 are classified in [27], [20], [7]. 

Theorem 1.12 ([27], [20], [7J Theorem 1.22]). Let G C GL n+i (C) be a finite subgroup without 
reflections. If n ^ 4, then the following are equivalent: 

• the singularity C n+1 /G is exceptional, 

• the inequality lct(P n , G) ^ (n + 2)/(n + 1) holds, 

• the group G is primitive and has no semi- invariants of degree at most n + 1 . 
The assertion of Theorem 11.121 is no longer true if n ^ 5 (see [TJ Example 3.25]). 

Remark 1.13. Let G C GL2(C) be a finite subgroup. Then 



lct(V,G) = 



The main purpose of this paper is to prove the following result. 

Theorem 1.14. Let G C SLg(C) be a finite subgroup. Then the following are equivalent: 

• the singularity C 6 /G is exceptional, 

• the inequality lct(P 5 ,G) ^ 7/6 holds, 

• either G is the Hall-Janko group Ha J (see [16], p2]), or G = 6.A7 and G = A7. 

Proof. The required assertion follows from Theorems 13.31 14.21 14.41 and Lemma 12.91 □ 

As far as we know, Theorem 11.141 gives the first appearance of the Hall-Janko group HaJ in 
algebraic geometry. The assertion of Theorem 11.141 gives new examples of normalized Kahler- 
Ricci iterations that converge to the Fubini-Study metric on P 5 (see [25], cf. [7J Question 1.9]). 
Furthermore, it follows from Corollarv ll.8l that Theorem ll.l4l can be considered as a classification 
of six-dimensional exceptional quotient singularities. 

Remark 1.15. Suppose that G C PGLg(C). If G = HaJ, then there exist two subgroups 
in SLg(C) whose images in PGLg(C) coincide with G. Namely, one of them is isomorphic 
to 2. HaJ, and another one is isomorphic to the extension of the subgroup 2. HaJ C SLg(C) by 
a scalar matrix with non-zero entries equal to a primitive root of unity of degree 6. More- 
over, up to conjugation PGLg(C) contains a unique subgroup isomorphic to HaJ. On the other 
hand, PGLg(C) contains non-conjugate subgroups isomorphic to A7. Furthermore, if G = A7 
and the singularity C 6 /G is exceptional, then we must necessarily have G = 6.A7, which uniquely 
determines the subgroup G C PGLg(C) up to conjugation. Other alternatives for a minimal 
lift G of a primitive group A 7 = Gc PGL 6 (C) are G ^_3.A 7 and G = A 7 (see Theorem ESD , 
which happens for two other classes of subgroups A7 = G C PGLg(C). In the latter cases the 
singularity C 6 /G is not exceptional. 

Finally, we prove the following surprising result. 



110 = A 5 , 

4 if G = S 4 , 
2 if G ^ A 4 , 

1 if G = D m , 
1/2 if G = Z„ 
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Theorem 1.16 (cf. [7, Example 3.13]). There are no exceptional quotient singularities of di- 
mension 7. 

The plan of the paper is as follows. In Section [2] we collect well known auxiliary results. 
In Section [3] we show that apart from the singularities related to the groups 6.A7 and 2.HaJ 
all other six-dimensional quotient singularities are not exceptional. In Section [4] we prove the 
exceptionality of the singularities related to the groups 6.A7 and 2.HaJ thus completing the proof 
of Theorem 11.141 Finally, in Section [5] we prove Theorem 11.161 In Appendix [A] we introduce a 
new invariant of a Kawamata log terminal singularity based on the classical a-invariant of Tian. 

Throughout the paper we use usual notation for cyclic, dihedral, symmetric and alternating 
groups, as well as for standard algebraic groups. For a group T we denote by k.T a (non-trivial) 
central extension of T by the central subgroup (this might be non-unique). 

Many of the computations with the characters of large finite groups we need are too compli- 
cated to make by hand (namely, those mentioned in the proofs of Theorem 13.31 14.21 and 14.41 and 
in Remark 13. 4[) . In such cases we used the Magma software [2] . 

The authors would like to thank G. Robinson for numerous useful explanations and comments, 
and T. Dokchitser and A. Khoroshkin for computational support. 

2. Preliminaries 

Let X be a variety with at most Kawamata log terminal singularities (see |13j Definition 3.5]), 
let Bx be an effective Q-divisor on the variety X such that (X,Bx) is log canonical. Then 

r 

Bx = aiBi, 
1=1 

where en G Q^o> an d Bi is a prime Weil divisor on the variety X. 

Let 7r: X — >• X be a birational morphism such that X is smooth. Then 

r m 

K x + Yl aiBi ~q n * ( Kx + Bx ) + Yl diEi > 

i=l i=\ 

where Bi is the proper transforms of the divisor Bi on the variety X, and Ei is an exceptional 
divisor of the morphism tt, and di is a rational number. We may assume that 

(u*)u(y*) 

is a divisor with simple normal crossing. Put 

(m r \ 

1=1 8=1 / 

Theorem 2.1 ([151 Theorem 9.4.8]). Let H be a nef and big Q-divisor on X such that 

K x + B x + H = D, 

where D is a Cartier divisor on the variety X. Then H l (I(X, Bx) <S> D) = for every i ^ 1. 
Let C(X,Bx) be a subscheme that corresponds to the ideal sheaf X{X,Bx)- Put 

LCS (a, B x ) = Supp (^C (X, B x )^j- 

The subscheme £(X,Bx) is reduced, because (X,Bx) is log canonical. Note that 
• I(X,Bx) is known as the multiplier ideal sheaf (see [151 Section 9.2]), 
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• C(X,Bx) is known as the log canonical singularities subscheme (see [U Definition 2.5]), 

• LCS(X, Bx) is known as the locus of log canonical singularities (see [27, Definition 3.14]). 
Let Z be a center of log canonical singularities of the log pair (X, Bx) (see [111 Definition 1.3]), 

and let LCS(X, Bx) be the set of all centers of log canonical singularities of the log pair (X, Bx)- 

Lemma 2.2 ( |11[ Proposition 1.5]). Let Z' be an element of the set LC8(X, Bx) such that 

k 

jL ZD Z' = /^Zi, 
i=i 

where Zj C Z is an irreducible subvariety. Then Zi £ LCS(X, Bx) for every i G {1, . . . ,k}. 

Suppose that Z is a minimal center in LCS(X, -Bx) (see [TTJ, |12j). 

Theorem 2.3 ([El Theorem 1]). The variety Z is normal and has at most rational singular- 
ities. For every ample Q-Cartier Q-divisor A on X there exists an effective Q-divisor Bz on 
the variety Z such that 

(k x + B x + A) z ~ q K z + B z , 
and (Z,Bz) has Kawamata log terminal singularities. 

Remark 2.4. In the notation and assumptions of Theorem l2.3| suppose that Kx + -Bx + A ~q D, 
where D is a Cartier divisor on X. Put -B = -D|z- Let v. Z -4 Z be a desingularization. Then 



h°(o z (B)) = X (Oz(h)) =x[Oz{y\H) 



by Theorem 12.11 because Z has at most rational singularities by Theorem [ 

Let G C Aut(X) be a finite subgroup. Suppose that -Bx is G-invariant. Then #(Z) £ 
LCS(X, .Bx) for every g £ G, and the locus LCS(X, -Bx) is G-invariant. It follows from 
Lemma 12.21 that 

<?(z)n 5 '(z) /0 ^ <?(z) = 5 '(Z) 
for every g £ G B g' , because Z is a minimal center in LCS(X, -Bx). 

Lemma 2.5. Suppose that the divisor Bx is ample. Let e be an arbitrary rational number such 
that e > 1. Then there exists an effective G- invariant Q-divisor D on the variety X such that 

LCS(X,D) = |J {g{Z)}, 

geG 

the log pair (X,D) is log canonical, and the equivalence D ~q e(Bx) holds. 
Proof. See the proofs of |11| Theorem 1.10], [12\ Theorem 1], [Tj Lemma 2.8]. □ 
Suppose that X = P ra . Let H be a hyperplane in F n . Suppose that 

lcs(x,£x) = U {g(z)}, 

g&G 

and let Y be the G-orbit of the subvariety 2cP". 
Lemma 2.6. Put s = n — dim(Y) and 

f \fi - s - 1] + 1 if n £ Z, 
r ~ | f/i - s - 1] if fi Z, 
where /i € Q such that -Bx ~q /i-B ■ Then r ^ and 

deg(y)^( s + rN 



() 
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Proof. Let II C P n be a general linear subspace of dimension s. Put 

D = B X 

n 

and A = H n n. Then deg(Y) = \Y f] U\ and LCS(II, D) = YnU. One has 



i^n + D ~q (^-s-ljA. 
It follows from Theorem 1 2 , 1 1 that there is an exact sequence of cohomology groups 



— > H° ^On(rA) ® I[IL, DJ I H°(On(rA)) ^ H°(O c(T1 , D) ) — ► 0, 
and Supp(£(n, D)) = LCS(n, D) = 7nn/0. Therefore, we see that r ^ and 

deg(y) = |rnn| ^ h°(o m>D) ) < ^°(o n (rA)) = /i°(o P ,(r)) = ( S ^ r ), 

which completes the proof. □ 

Let G be a finite subgroup in GL n+1 (C) such that G = (f>(G), where (ft: GL n+1 (C) — > 
Aut(P n ) = PGL n+ i(C) is the natural projection. 

Lemma 2.7. If G is conjugate to a subgroup in GL n+ i(M), then G has an invariant of degree 2. 

Proof. If G is conjugate to a subgroup in GL n+ i(M), then there exists a (real positive definite) 
G-invariant inner product, which gives a non-trivial G-invariant element in Sym 2 (C n+1 ). □ 

Lemma 2.8. Suppose that there exists a normal subgroup F C G such that G/F is abelian, 
and F has an invariant of degree d. Then G has a semi-invariant of degree d. 

Proof. Let V be a space of invariants of the group F of degree d. Then the group G/F naturally 
acts on the space V. Since the group G/F is abelian, it has a one-dimensional invariant subspace, 
which gives a required semi-invariant of the subgroup G. □ 

Let G\ C SL2(C) and G2 C SLj(C) be finite subgroups, let M be the vector space of 2 x l- 
matrices with entries in C. For every (51, 52) 6 Gi x G2 and every M 6 M, put 



(51,52) (M) =gxMg 2 x G 



which induces a homomorphism 99: Gi x G2 — > SL2/(C). Note that |ker(y?)| ^ 2 if n is even, 
and <p is a monomorphism if n is odd. Suppose that n = 21 — 1 ^ 3. 

Lemma 2.9 ([3 Lemma 3.24]). Suppose that G = <p(Gi x G 2 ). Then lct(P n ,G) < 1. 

Proof. Put s = I - 1. Let V: P 1 x P s ^ P n be the Segre embedding. Put F = -(/'(P 1 x F s ) 
and let Q be the linear system consisting of all quadric hypersurfaces in P n that pass through 
the subvariety Y. Then Q is a non-empty G-invariant linear system. The log pair (P n ,/Q) is 
not log-canonical along Y. Now it follows from |13t Theorem 4.8] that lct(P n ,G) < 1. □ 

3. SlX-DIMENSIONAL CASE 
Let G be a finite subgroup in SL n+ i(C). Put V = C n+1 . 

Definition 3.1 (see |19|. §1]). The subgroup G is quasiprimitive if the following conditions hold: 

• the vector space V is an irreducible representation of the group G, 

• for any nontrivial normal subgroup JVCG one has V = W® r as a representation of N, 
where W is an irreducible representation of N, and r ^ 1. 

Suppose that n = 5. Let 0; SLg(C) — > Aut(P 5 ) be the natural projection. Put G = <j>{G). 
We say that the subgroup G is the lift of the subgroup G C Aut(P 5 ) ^ PGL 6 (C) to SL 6 (C). 
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Theorem 3.2 ( \18\ §3]). Suppose that G is quasiprimitive. Then there exists a lift of the sub- 
group G C Aut(P 5 ) to SLg(C) that is contained in the following list: 

(I) (i) a subgroup of the group SLg(C) that satisfies the hypotheses of Lemma \23\ 

(ii) a certain subgroup of a subgroup described in I(i) (see [181 §3] for details), 
(II) SL 2 (F 5 ), 

(III) 2.S 5 , 

(IV) (i) 3.A 6 , 

(ii) an extension of the subgroup described in IV(i) by an automorphism of order 2, 
(V) 6.A 6 , 
(VI) A 7 or S 7 , 
(VII) 3.A7, 
(VIII) 6.A7, 
(IX) (i) PSL 2 (F 7 ), 
(ii) PGL 2 (F 7 ), 
(X) (i) SL 2 (F 7 ), 

(ii) an extension of the subgroup described in X(i) by an automorphism of order 2, 
(XI) SL 2 (F n ), 
(XII) SL 2 (F 13 ), 

(XIII) (i) PSp 4 (F 3 ), 

(ii) an extension of the subgroup described in XIII(i) by an automorphism of order 2, 

(XIV) (i) SU 3 (F 3 ), 

(ii) an extension of the subgroup described in XIV(i) by an automorphism of order 2, 
(XV) (i) 6.PSU 4 (F 3 ), 

(ii) an extension of the subgroup described in XV(i) by an automorphism of order 2, 
(XVI) 2.HaJ, where HaJ is the Hall-Janko group (see [IB] . [T7]). 
(XVII) (i) 6.PSL 3 (F 4 ), 

(ii) an extension of the subgroup described in XVII(i) by an automorphism of order 2. 

Recall that all primitive subgroups are quasiprimitive (see [19], §1]). 

The main purpose of this section is to prove the following result. 

Theorem 3.3. If G is primitive, then G has a semi-invariant of degree at most 6 unless there 
exists a lift of G to SLg(C) that is a group of type I, VIII or XVI in the notation of Theorem l3.2i 

Proof. Recall that changing a lift of G to SLg(C) does not change the degrees of semi-invariants, 
which implies that we may assume that G is one of the groups listed in Theorem 13.21 

If the subgroup G is of type VI, IX(i) or XIII(i), then the subgroup G is conjugate to a sub- 
group of SL/6(Q) (see |10|). and hence G has an invariant of degree 2 by Lemma 12.71 

If the subgroup G is of type XV(i), then G is a subgroup of the Mitchell group 6.PSU4(F 3 ).2, 
which is the group #34 in [26, Table VII], and hence the subgroup G has an invariant of degree 6, 
because the Mitchell group has an invariant of degree 6 (see [26, Table VII]). 

If the subgroup G is of type II, V, VII, X(i), XI, XII, XIV(i) or XVII(i), then the minimal 
degree d m i n of the invariants of the subgroup G is given in the following table: 



G 


2.A5 


6.A 6 


3.A 7 


SL 2 (F 7 ) 


SL 2 (F n ) 


SL 2 (F 13 ) 


SU 3 (F 3 ) 


6.PSL 3 (F 4 ) 


Type 


II 


V 


VII 


X(i) 


XI 


XII 


XIV(i) 


XVII(i) 


drain 


4 


6 


3 


4 


4 


4 


6 


6 



If the subgroup G is a subgroup of type IV(i), then G is a subgroup of a quasiprimitive 
subgroup of type VII, which implies that the subgroup G has an invariant of degree 3. 

If the subgroup G is a subgroup of type III, then it has a normal subgroup isomorphic to 2.A5, 
which implies that G has a semi- invariant of degree 4 by Lemma 12.81 
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Arguing as in the case of a subgroup of type III, we see that the subgroup G has a semi-inva- 
riant of degree 3, 2, 4, 2, 6, 6 or 6 in the case when the subgroup G C SLg(C) is a quasiprimitive 
subgroup of type IV(ii), IX(ii), X(ii), XIII(ii), XlV(ii), XV(ii) or XVII(ii), respectively □ 

Remark 3.4. In the notation of Theorem 13.21 if G is a primitive subgroup of type VIII or XVI, 
then a direct computation shows that the minimal degree of the semi-invariants of G equals 12. 

4. Exceptional cases 

Let G be a subgroup in SLg(C). Define V and G as in Section [3j 

Remark 4.1. If the group G is a simple non-abelian group such that Z(G) C [G, G], where Z(G) 
and [G, G] denote the center and the commutator of the subgroup G, respectively, then every 
semi-invariant of the group G is its invariant. 

Theorem 4.2. Suppose that G = HaJ is the Hall-Janko group. Then lct(P 5 ,G) ^ 7/6. 

Proof. We may assume that G = 2. HaJ (see Theorem GTS). Then Z(G) C [G, G]. 
Suppose that lct(P 5 ,G) < 7/6. Then there is an effective G-invariant Q-divisor 

D ~q —Kp5 ~ Ops (6) , 

and there is a positive rational number A < 7/6 such that (P 5 ,AL>) is strictly log canonical. 

Let S be a minimal center in LCS(P 5 , A-D), let Z be the G-orbit of the subvariety S C P 5 , 
and let r be the number of irreducible components of the subvariety Z. We may assume that 

LCS(P 5 ,A£>) = |J {g{S)} 

geG 

by Lemma ESI Then Supp(Z) = LCS(P 5 ,A£>). It follows from Lemma E2 that 

g(S)ng'(S)^0 g(S)=g'{S) 

for every g £ G B g'. Then deg(Z) = rdeg(S). 

It follows from Remark 13.41 that the subgroup G does not have invariants of degree up to 6, 
which immediately implies that dim(S') 7^ 4 by Remark 14. 11 

Let T be the multiplier ideal sheaf of the log pair (P 5 ,AL>), and let C be the log canonical 
singularities subscheme of the log pair (P 5 ,A.D). By Theorem 12 .1\ there is an exact sequence 

— >H° (O r o (n) ® T\ — ► H° (e> p5 (n) ) — >• F° (o £ ® O p5 (n) ) — >• 

for every n ^ 1. A direct computation shows that Sym n (V) is an irreducible representation of 
the group G for all n ^ 5. Hence, we see that 

h° [o ¥5 (n) ® = 

for every n G {1,2,3,4,5}. Note that Z = C, because (P 5 ,AD) is log canonical. Thus, we have 

(4.3) h Q (o z ®O w s{n)\ =h Q (o w s{n)\ = 

for every n£ {1,2,3,4,5}. In particular, we see that r ^ 6, because 

rh (o s ®O ¥B (l)} =h (Oz®O^[l) \ =6, 

which implies that r = 1, because G has no nontrivial maps to S r for 2 ^ r ^ 6. 
Note that it follows from the equality r = 1 that dim(<S) ^ 0. 

Let H be a hyperplane section of the variety ScP 5 . It follows from Theorem 12 .31 that the va- 
riety S is normal and has at most rational singularities, and there are an effective Q-divisor B$ 



5 r 
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and an ample Q-divisor A on the surface S such that Ks + Bs + A ~q H, and the log pair 
(S, Bs) has Kawamata log terminal singularities. 

Using the Riemann-Roch theorem and Remark 12.41 we see that x{^s{ n H)) is a polynomial 
in n of degree at most dim(5) such that 

X (Os{nH))=h Q (Os{nH 

for any n #J 1. On the other hand, it follows from fj4.3|) that 

( 6 if n = 1, 
21 if n = 2, 
x (a s .(»ff)J = <j 56 if n = 3, 
126 if n = 4, 
. 252 if n = 5, 

which gives an inconsistent system of linear equations on the coefficients of the polyno- 
mial x(@s( n H)), since dim(S') ^3. □ 

Theorem 4.4. Suppose that G = 6.A 7 . Then lct(P 5 ,G) > 7/6. 

Proof. Suppose that lct(P 5 ,G) < 7/6. Then there is an effective G-invariant Q-divisor 

D ~Q —Kp5 ~ 0p5 (6) , 

and there is a positive rational number A < 7/6 such that (P 5 , XD) is strictly log canonical. 
Arguing as in the proof of Theorem 14.21 we may assume that 



LCs(p 5 ,AZ)) = |J {g{S)}, 

9 eO 

where S is a minimal center of log canonical singularities of the log pair (P 5 , XD). 

Let Z be the G-orbit of the subvariety 5 C P 5 . Then LCS(P 5 , XD) = Supp(Z). 

It follows from Remark 13.41 that the subgroup G does not have invariants of degree up to 6, 
which immediately implies that dim(5) ^ 4 by Remark 14. 11 

Let X be the multiplier ideal sheaf of the log pair (P 5 ,AZ?), and let C be the log canonical 
singularities subscheme of the log pair (P 5 ,AL>). By Theorem 12 .!( we have 

(4.5) x (Oz(nH))=h°(Oz(nH)) = ( 5 + n ) - h° (o p5 (n) X 

for every n ^ 1, because Z = C. Put q n = h (O ¥5 (n) ®I) for every n ^ 1. Then 

q 1= q 2 = 0, 

because V and Sym 2 (V) are irreducible representations of the group G. Hence 

(4.6) h°(o s ®O ra (n)) =/i°(o p5 (n)) = r + ^ 

for n G {1, 2} by (14.5|) . In particular, we see that r ^ 6, because 

r/ l (o 5 ®O p5 (l)) =h°(0 z ®0^{l)) =6, 

which implies that r = 1 and Z = S, because G has no nontrivial maps to S r for 2 ^ r ^ 6. 
Note that it follows from the equality r = 1 that dim(«S) 7^ 0. 
Similarly, we see that q% G {0,20,36}, because 



Sym 3 (U) =T 36 er, 
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where T{ is an irreducible representation of the group G of dimension i. Thus, we have 

(4.7) h (o s ®O P s(3)) = /i°(e> p5 (3)) -/t°(o P s(3)(8)X) = 56-/i (o p5 (3) ®x) e {20,36,56} 
by (|4.5p . Moreover, one has 

Sym 4 ( V) = £7 6 [7i B 1% © C/ff © ?7 2 4 © £>24, 
where C/j and C/j are irreducible representations of the group G of dimension i. In particular, 

(4.8) h° (o s © Ops (4)) = 126 - h° (o f t> (4) © x) { 106, 114, . . . , 119, 121, . . . , 125} 
by ()4.5[) . Finally, one has 

Sym 5 (y) = W® 2 © W® 2 © W^ 2 © W 3 ® 4 , 
where Wi and are irreducible representations of the group G of dimension i. By (|4.5p . we have 

(4.9) /i° (Os ©Ops (5)) = 252 - h° (o ¥ s (5) © x) {66, 171, 179} . 

Let if be a hyperplane section of the variety ScP 5 . It follows from Theorem 12.31 that the va- 
riety S is normal and has at most rational singularities, and there are an effective Q-divisor B$ 
and an ample Q-divisor A on the surface S such that Ks + B$ + A ~q H, and the log pair 
(S,Bs) has Kawamata log terminal singularities. 

Suppose that dim(S') = 1. Then S is a smooth curve of genus g such that 

deg (if) = deg(,S) >2g-2, 
and deg(Z) ^ 15 by Lemma 12.61 By the Riemann-Roch theorem, we get 

h° (o s {nH) ) = ndeg (S) - g + 1 
for every n ^ 1 (see Remark 12. 4p . Using (|4.6p . we see that 

6 = deg(S) -g + 1, 
21 = 2deg(£) - g + 1, 
which implies that deg(S') = 15 and g = 10. Using (|4.6p again one obtains 

5deg(S") - g + l = 66, 

which is impossible by (|4.9p . 

Suppose that dim(S') = 2. Using the Riemann-Roch theorem and Remark 12. 4[ we have 

(4.10) h°(o s [nH)) = X (o s [nH)) = ^ (if ■ if) - • K s ) + X {0 S ) 
for any n ^ 1. Thus, using (|4.6p and (|4.7p . we see that 

(deg{S),H-K s ,x(Os)) E {(5,-5,6), (15,5,-4)}, 
because if • if = deg(S) > 0. If (deg(S), if ■ K s , xiPs)) = (15, 5, -4), then 
h°(Os^H)) = s(ff ■ H) - 2{H ■ K s ) + x{O s ) = 106, 
which is impossible by (|4T5]) . If (deg(S),H ■ K s ,x(Os)) = (15,5,6), then 

h°(0 s (4H)) =116, 

which is again impossible by (|4.8|) . 

We see that dim(S') = 3. Then H • H ■ H = deg(S') ^ codim(S') + 1 = 3, since V is an 
irreducible representation of the group G. 
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Let H' be another general hyperplane section of S C P 5 . Put C = H n H'. Then 
-2 < 2g(C) - 2 = H ■ H ■ K s + 2^H ■ H ■ H 

where g{C) is the genus of the curve C . Thus, we see that 

(4.11) H-H-K s > -2-2deg(5). 
By the Riemann-Roch theorem and Remark 12. 4| there is 7 £ Z such that 

h°{Os(nH)) = X (Os(nH)) = 1 t(H.H.H)+^(H.H-K s )+^ 1 + X (O s ) 

for any n ^ 1. Put h n = h°{O s (nH)). Then 

(4.12) h 4 - 3/i 3 + 3h 2 - hi = H ■ H ■ H, 
and 

(4.13) h 3 -2h 2 + h 1 =2(HH-H^ + - (h ■ H ■ K s 
which implies after applying (|4.1ip 

(4.14) h A < 2hi - 5h 2 + 4h 3 + 1. 
Since H ■ H ■ H ^ 3, the equality (|4.12j) also implies 

(4.15) h 4 > 3 + /ii -3/i 2 + 3/13. 
Recall that /ii = 6, h 2 = 20, /i 3 G {20,36, 56}. 

If /13 = 20, then (I4.14p implies that I14 ^ —12, which is a contradiction. 

If /13 = 36, then (I4.14p and (I4.15P imply that 52 ^ h± ^ 54, which is a contradiction. 

We see that h% = 56. Then (I4.15P implies that h 4 ^ 114, so that 

h A € {120,126} 

by (03]). If /i 4 = 120, then (j4TT2D implies that H ■ H ■ H = 9. Note that 

(4.16) H ■ H ■ H = hs — 3/i4 + 3/13 — /12, 

and hence /15 = 171, which is impossible by (|4.9p . Thus, we see that /14 = 126. 

It follows from (|4.12p and (|4.16p that H ■ H ■ H = 15 and /15 = 179, which is impossible 
by g3]). □ 

5. SEVEN-DIMENSIONAL SINGULARITIES 

Let G be a finite subgroup in SL 7 (C), and let <j>: SL 7 (C) -> Aut(P 6 ) be the natural projec- 
tion. Put G = 4>{G). We say that the subgroup G is the lift of the subgroup G to SL7(C). 

Theorem 5.1 ( [32} Theorem 4.1], [331 Theorem I]). Suppose that the subgroup G is quasiprim- 
itive. Then there is a lift of the subgroup G to SL7(C) that is contained in the following list: 

(I) a subgroup of the subgroup Gj C SL7(C) such that 

G 7 = Norm SL7 (c)(H 7 ) ^ M 7 x SL 2 (f 

where H7 is the Heisenberg group of order 7 3 , and the corresponding seven-dimensional 
representation of the group H7 is any of its 7-dimensional irreducible representations, 
(II) PSL 2 (F 13 ), 

(III) (i) PSL 2 (F 8 ), 

(ii) an extension of the subgroup described in III(i) by an automorphism of order 3, 

(IV) A 8 or S 8 , 

(V) (i) PSL 2 (F 7 ), 
(ii) PGL 2 (F 7 ), 
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(VI) (i) PSU 3 (F 3 ), 

(ii) an extension of the subgroup described in VI(i) by an automorphism of order 2, 
(VII) Sp 6 (F 2 ). 

Remark 5.2. Up to conjugation there are two primitive subgroups in SL7(C) that are isomorphic 
to PSL^Fg): one is conjugate to a subgroup in SL/7(Q), and another is conjugate to a subgroup 
in SL7(Q(£g)), where £g is a primitive root of unity of degree 9. Similarly, up to conjugation 
there are two primitive subgroups in SL7(C) that are isomorphic to PSU 3 (F 3 ): one is conjugate 
to a subgroup in SL7(Q), another is conjugate to a subgroup in SL^(Q(^— 1)). The detailed 
information on the corresponding representations may be found in |10| . 

The main purpose of this section is to prove the following result. 

Theorem 5.3. Suppose that G is quasiprimitive. Then either G has a semi-invariant of degree 
at most 7, or G is a subgroup of the subgroup G-j C SL7(C) (see Theorem 15. ip . 

Proof. Recall that changing a lift of G to SL7(C) does not change the degrees of semi-invariants, 
which implies that we may assume that G is one of the groups listed in Theorem 15.11 
Note that the groups of type I have a unique lift to SL/7(C). 

By Lemma 12. 7} we may assume that G is not conjugate to a subgroup in SL7(Q), which 
implies that the subgroup G is not of type IV, V(i) or VII (see [TO]). 

If the subgroup G is of type II, III(i) or VI(i) (cf. Remark 15 . 2 j) . then the minimal degree d m i n 
of the invariants of the subgroup G is given in the following table: 



G 


PSL 2 (F 13 ) 


PSL 2 (F 8 ) 


PSU 3 (F 3 ) 


Type 


II 


III(i) 


VI(i) 


dmin 


2 


2 


3 



If the subgroup G is a subgroup of type Ill(ii), then it has a normal subgroup of index 3 
isomorphic to PSL^Fs), which implies that G has a semi- invariant of degree 2 by Lemma 12.81 

Arguing as in the case of a subgroup of type 111(h), we see that the subgroup G has a semi- 
invariant of degree at most 3 if G is a quasiprimitive subgroup of type V(ii) or VI(ii). □ 

Proof of Theorem\TM By [22j Lemma 2.2.1(xi)] (see also (2TJ §1]), the group G 7 C SL 7 (C) has 
an invariant of degree 7. Thus, Theorem 15.31 implies Theorem 11.161 □ 

Appendix A. Alpha-invariant 

Let (V 3 O) be a germ of a Kawamata log terminal singularity (see [13, Definition 3.5]), and 
let 7r : W — > V be a birational morphism such that 

• the exceptional locus of ir consists of one irreducible divisor E <ZW such that O £ ^(E), 

• the log pair (W, E) has purely log terminal singularities (see [131 Definition 3.5]), 

• the divisor —E is a 7r-ample Q-Cartier divisor. 

Theorem A.l. The birational morphism ir: W — > V does exist. 

Proof. The required assertion follows from |23} Proposition 2.9], |14} Theorem 1.5] and pp. □ 

The existence of ir is obvious if (V 3 O) is a quotient singularity (see [3 Remark 3.15]) or an 
isolated quasi-homogeneous hypersurface singularity. 

Definition A. 2 ([23, Definition 2.1]). We say that tt is a pit blow up of the germ (V 3 O). 

Definition A. 3 ([23, Definition 4.1]). We say that (V 3 O) is weakly-exceptional if ir is unique. 

The goal of this appendix is to define an invariant a(V 3 O) E M of the singularity (V 3 O), 
which is a local analogue of the a-invariant introduced in |30| and [31j . 
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Lemma A. 4 (see [23], Theorem 4.9]). If (V 3 O) is exceptional, then n(E) = O. 

Lemma A. 5 ([HI Corollary 1.7], [T]). If (V 3 0) is weakly-exceptional, then tt(E) = O. 

If tt(E) ^ O, then we put a(V 3 O) = 0. Suppose, in addition, that ir(E) = O. 
Denote by Ri,...,R s the irreducible components of the locus Sing(W) such 
that dim(-Rj) = dim(V) — 2 and Ri C E for every i E {1, . . . , s}. Put 

v - rrii — 1 „ 

& = Y.— — 

i=i 1 

where rrii is the smallest positive integer such that rriiE is Cartier at a general point of the sub- 
variety Ri C E. (One has A = Diff^(O) in the notation of the paper |23j.) 

Lemma A. 6 ([13] Theorem 7.5]). The variety E is normal, and the log pair (E, Diff^(O)) is 
Kawamata log terminal. 

The log pair (E, A) is a log Fano variety, i.e. the divisor — (Ke + A) is ample. Indeed, 
the divisor — E is 7r-ample, and 

K E + A~ Q (k w + e)\ ~q (tt*(K v ) + (l + a)#)| . 

Moreover, one has a > — 1, because V has Kawamata log terminal singularities. Put 

the log pair (E, A + \D) is log canonical 

for any effective Q-divisor D ~q — \Ke + A 

Theorem A. 7 ( |144 Theorem 2.1]). The singularity (V 3 O) is weakly-exceptional if and only 
if the inequality lct(E, A) ^ 1 holds. 

Note that the real number lct(-E7, A) is an algebraic counter-part of the so-called a-invariant 
introduced in [30] and [31] (cf. [6] Theorem A.3]). Put 



lct(E, A) = sup < A E 



Q: 



YbO) 



let (£7, A) if let (£?, A) ^ 1, 
^ if let (S, A) < 1. 

Definition A. 8. We say that a(V 3 O) is the alpha-invariant of the singularity (V 3 O). 

Note that a(V 3 0)^0 <^=^ a(V 9 O) ^ 1 <^=^ (V 3 O) is weakly-exceptional. 

Example A. 9 ([5] Lemma 5.2]). Suppose that (V 9 O) is an isolated quasi-homogeneous 
hypersurface singularity 



z 2 t + yt 2 + xy 4 + A = 0CC 4 ^ Spec(C [x, y, z,t]j, 
where O E V is given byx = y = z = i = 0. Then a(V 9 0) = 33/4. 

Theorem A. 10 ( [231 Theorem 4.9]). The the singularity (V 3 O) is exceptional if and only 
if for every effective Q-divisor D on the variety E such that D ~q —{Ke + A) the log pair 
(E, A + D) has Kawamata log terminal singularities. 

Corollary A. 11. The singularity (V 3 O) is exceptional if a(V 3 O) > 1. 
Corollary A. 12. If (V 3 O) is exceptional, then (V 3 O) is weakly-exceptional. 
Let G be a finite subgroup in GL n+ i(C), where n 1. Put 

G = 0(G) C Aut(P n ) =■ PGL n+ n 
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let P",G = sup { X £ 



a 



(VBO) 



let P n ,G 



where <\>: GL n+ i(C) — > Aut(P n ) is the natural projection. Put 

the log pair (P n , AD) has log canonical singularities | 

} e R. 

for every G-invariant effective Q-divisor D ~q — Kfn I 
Lemma A. 13 ([7, Remark 3.2]). Suppose that G does not contain reflections. Then 

lct(V\G) if lct(V\G) > 1, 

if lct(V\G) < 1. 

We see that the number a[V B O) measures how exceptional (V 3 O) is (cf. Remark 1 1 . 1 3 j) . 
Example A.14. Let G C PSL 3 (C). Then 

4/3 if G^PSL 2 (F 7 

v 2 if G = A 6 , 

by [U Examples 1.9 and 6.5]. 

For a fixed n 6 Z>o, the number lct(P n ,G) is bounded by Theorem II. Ill because there exist 
only finitely many primitive finite subgroups in SL n+ i(C) up to conjugation (see [9]). 

Theorem A. 15 (0 Theorem 1.24]). The inequality lct(P n , G) < 4(n + l) holds for every n ^ 1. 

In fact, we expect the following to be true (cf. [29]). 
Conjecture A. 16. There is a G R such that lct(P n , G) < a for any G C Aut(P n ) and n ^ 1. 

One can try to tackle Conjecture IA.161 using the classification of finite simple groups. 

References 

[1] C. Birkar, P. Cascini, C. Hacon, J. McKernan, Existence of minimal models for varieties of log general type 
Journal of the American Mathematical Society, to appear 

[2] W. Bosma, J.Cannon, C. Playoust, The Magma algebra system. I. The user language 
Journal of Symbolic Computation, 24 (1997), 235-265 

[3] H. Blichfeldt, Finite colhneation groups 
University of Chicago Press, Chicago, 1917 

[4] I. Cheltsov, Log canonical thresholds of del Pezzo surfaces 
Geometric and Functional Analysis, 18 (2008), 1118-1144 

[5] I. Cheltsov, J.Park, C. Shramov, Exceptional del Pezzo hypersurfaces 
Journal of Geometric Analysis 20 (2010), 787-816 

[6] I. Cheltsov, C. Shramov, Log canonical thresholds of smooth Fano threefolds 
Russian Mathematical Surveys 63 (2008), 73-180 

[7] I. Cheltsov, C. Shramov, On exceptional quotient singularities 
arXiv:math/0909.0918 (2009) 

[8] C.-Y. Chi, S.-T. Yau, A new geometric approach to problems in birational geometry 

Proceedings of the National Academy of Sciences of the USA 105 (2008), 48, 18696-18701 

[9] M. Collins, On Jordan's theorem for complex linear groups 
Journal of Group Theory, 10 (2007), 411-423 

[10] J.Conway, R.Curtis, S.Norton, R.Parker, R.Wilson, Atlas of finite groups 
Clarendon Press, Oxford, 1985 

[11] Y.Kawamata, On Fujita's freeness conjecture for 3-folds and 4- folds 
Mathematische Annalen 308 (1997), 491-505 



SIX-DIMENSIONAL EXCEPTIONAL QUOTIENT SINGULARITIES 



15 



[12] Y. Kawamata, Subadjunction of log canonical divisors II 
American Journal of Mathematics 120 (1998), 893-899 

[13] J. Kollar, Singularities of pairs 

Proceedings of Symposia in Pure Mathematics 62 (1997), 221-287 

[14] S. Kudryavtsev, On purely log terminal blow ups 
Mathematical Notes 69 (2002), 814-819 

[15] R. Lazarsfeld, Positivity in algebraic geometry II 
Springer- Verlag, Berlin, 2004 

[16] J. Lindsey, On a projective representation of the Hall-Janko group 
Bulletin of the American Mathematical Society 74 (1968), 1094 

[17] J. Lindsey, On a six dimensional projective representation of the Hall-Janko group 
Pacific Journal of Mathematics 35 (1970), 175-186 

[18] J. Lindsey, Finite linear groups of degree six 

Canadian Journal of Mathematics 23 (1971), 771-790 

[19] O.Manz, Th. Wolf, Representations of solvable groups 

LMS Lecture Note Series 185 (1993), Cambridge University Press 

[20] D. Markushcvich, Yu. Prokhorov, Exceptional quotient singularities 
American Journal of Mathematics 121 (1999), 1179-1189 

[21] F. Melliez, K. Ranestad, Degenerations of (1,7) -polarized abelian surfaces 
Mathematica Scandinavica 97 (2005), 161-187 

[22] M. Miele, Klassifikation der Durchschnitte Heisenberg-Invariante Systeme von Quadriken in P 6 
PhD thesis, Erlangen (1993) 

[23] Yu. Prokhorov, Blow-ups of canonical singularities 

Algebra (Moscow, 1998), de Gruyter, Berlin (2000), 301-317 

[24] Y. Prokhorov, Sparseness of exceptional quotient singularities 
Mathematical Notes 68 (2000), 664-667 

[25] Y. Rubinstein, Some discretizations of geometric evolution equations 
and the Ricci iteration on the space of Kahler metrics 
Advances in Mathematics 218 (2008), 1526-1565 

[26] G. Shephard, J. Todd, Finite unitary reflection groups 
Canadian Journal of Mathematics 6 (1954), 274-304 

[27] V. Shokurov, Three-fold log flips 

Russian Academy of Sciences, Izvestiya Mathematics 40 (1993), 95-202 

[28] T. Springer, Invariant theory 

Lecture Notes in Mathematics 585 (1977), Springer- Verlag, Berlin - New York 

[29] J.Thompson, Invariants of finite groups 
Journal of Algebra 69 (1981), 143-145 

[30] G.Tian, On Kahler-Einstein metrics on certain Kahler manifolds with Ci(M) > 
Inventiones Mathematicae 89 (1987), 225-246 

[31] G.Tian, S.-T. Yau, Kahler-Einstein metrics on complex surfaces with Ci > 
Communications in Mathematical Physics 112 (1987), 175-203 

[32] D. Wales, Finite linear groups of degree seven I 

Canadian Journal of Mathematics 21 (1969), 1042-1056 

[33] D. Wales, Finite linear groups of degree seven II 
Pacific Journal of Mathematics 34 (1970), 207-235 

University of Edinburgh, Edinburgh EH9 3JZ, UK, I.Cheltsov@ed.ac.uk 
Steklov Institute of Mathematics, Moscow 119991, Russia, shramov@mccme.ru 
Laboratory of Algebraic Geometry, GU-HSE, 7 Vavilova street, Moscow 117312, Russia 



